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Abstract
In this paper, we study the structure of the permutability graphs of subgroups,
and the permutability graphs of non-normal subgroups of the following groups:
the dihedral groups Dn, the generalized quaternion groups Qn, the quasi-dihedral
groups QD2n and the modular groups Mpn . Further, we investigate the num-
ber of edges, degrees of the vertices, independence number, dominating number,
clique number, chromatic number, weakly perfectness, Eulerianness, Hamiltonicity
of these graphs.
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1 Introduction
One can study the properties of an algebraic structure by associating a suitable graph
with it and by using of the tools of graph theory. In recent years this has been a topic
of interest among algebraic graph theorists and they have contributed significantly; in
particular, when the algebraic structure is a group (see, for example [1], [2], [3], [13]).
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1
Permutability Graphs of Non-abelian Groups 2
M. Bianchi, A. Gillio and L. Verardi in [4], defined a graph corresponding to a group
G, called the permutability graph of non-normal subgroups of G having all the proper
non-normal subgroups of G as its vertices and two vertices H and K are adjacent if
HK = HK; equivalently HK is a subgroup of G. We denote this graph by ΓN(G). They
focused on finding the number of connected components and the diameter of this graph.
Further results on these graphs can be found in [5], [7].
In [10], the authors considered the general setting as follows: For a group G, the
permutability graph of subgroups of G, denoted by Γ(G), is a graph with vertex set con-
sists of all the proper subgroups of G and two vertices in Γ(G) are adjacent if the two
corresponding subgroups permute in G. There in we have studied the planarity of these
graphs. Further properties of these graphs like bipartiteness, completeness and freeness
of these graphs from some class of graphs were investigated in [11].
The aim of this paper is to study the structure and properties of the permutability
graphs of subgroups, and the permutability graphs of non-normal subgroups of finite
non-abelian groups. Especially, we consider the dihedral groups Dn, the generalized
quaternion groups Qn, the quasi-dihedral groups QD2n and the modular groups Mpn .
Even though the subgroup structure of these groups are well known, we particulary
focus on how much information about the subgroup permutability of these groups can be
expressed in terms of the graph theoretic properties of their corresponding permutability
graphs.
The rest of this paper is arranged as follows: In Section 2, we introduce some basic
definitions and notations that we will use in this article. In Section 3, for a given group
G, we present some basic results which gives the relationship between ΓN(G) and Γ(G).
In Section 4, we consider the dihedral groups Dn and study the structure and properties
of ΓN(Dn) and Γ(Dn). In particular, we give the degrees of the vertices, number of
edges, independence number, dominating number, chromatic number, clique number,
weakly perfectness, Eulerianness of these two graphs. Also we investigate Hamiltonicity
of ΓN(Dn) and Γ(Dn) for some values of n. In Sections 5, 6 and 7 we investigate the
same for the generalized quaternion groups Qn, the quasi-dihedral groups QD2n and the
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modular groups Mpn respectively. In the last section, we conclude with some problems
of further research.
2 Preliminaries and Notations
For a simple graph G, we denote its vertex set and edge set by V (G) and E(G) respec-
tively. A graph is complete if all the vertices are adjacent with each other. A complete
graph on n vertices is denoted by Kn. An independent set is a set of vertices in G of
which no two are adjacent. An independent set is maximal if it is not a proper subset
of any independent set of G. The independence number α(G) of G is the cardinality of a
largest maximal independent set in G. A set D of vertices in G is a dominating set in G if
every vertex in G is contained in or is adjacent to a vertex in D. The dominating number
γ(G) of G is the cardinality of a smallest dominating set in G. A clique is a set of vertices
in G such that any two are adjacent. The clique number ω(G) of G is the cardinality of
a largest clique in G. The chromatic number χ(G) of G is the smallest number of colours
needed to colour the vertices of G such that no two adjacent vertices gets the same colour.
A graph G is said to be weakly perfect if ω(G) = χ(G). The degG(v) of a vertex v of a
graph G is the number of edges incident with v. A graph G is said to be r-partite if the
vertex of G can be partitioned into r sets such that no two vertices in each partition are
adjacent. G is complete r-partite if every vertex in each partition is adjacent with all the
vertices in the remaining partition.
A walk joining two vertices v0 and vn in G is an alternating sequence of vertices and
edges v0, e1, v1, e2, . . . ,vn−1, en, vn beginning and ending with vertices such that each
edge ei is incident with vi−1 and vi. A walk is a path if all its vertices are distinct. We
denote a path joining two vertices u and v in G simply, as (u =)v0−v1−v2−· · ·−vn(= v)
with the understanding that there is an edge joining vi−1 and vi, for each i, 1 ≤ i ≤ n. A
walk is called closed if its initial and terminal vertices coincides. A closed walk in which
all the vertices are distinct is a cycle. G is said to be connected if any distinct two vertices
are joined by a path. A component of a graph G is a maximal connected subgraph of G.
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A number of component of a graph G is denoted by c(G).
Let G1 = (V1, E1) and G2 = (V2, E2) be two simple graphs. Their union G1 ∪ G2 is
a graph with vertex set V1 ∪ V2 and edge set E1 ∪ E2. Their join G1 + G2 is a graph
consist of G1 ∪G2 together with all the lines joining points of V1 to points of V2. For any
connected graph G, we write nG for the graph with n components each isomorphic to G.
A graph G is said to be Eulerian, if it contains a closed trail which contains every edge
of G exactly once; equivalently, G is Eulerian if and only if every vertex in G has even
degree. A graph is said to be Hamiltonian, if it contains a cycle having all the vertices of
the graph. A split graph is a graph in which the vertices can be partitioned into a clique
and an independent set. For basic graph theory terminology, we refer to [14].
We recall the following theorem which will be use in the sequel.
Theorem 2.1. ([14, Proposition 7.2.3]) If a graph G is Hamiltonian, then c(G−S) ≤ |S|
for every non-empty subset S of V (G).
For any positive integer n, τ(n) denotes the number of divisors of n and σ(n) denotes
the sum of all divisors of n. A positive integer n is said to be deficient if σ(n) < 2n.
Note 2.1. In some of the results of this paper, we will use the following basic facts which
can be found in any basic number theory book; for instance, see [9]: Let n = pα11 p
α2
2 . . . p
αk
k
be a integer, where pi’s are distinct primes and αi ≥ 1. Then τ(n) =
k∏
i=1
(αi + 1).
Moreover,
(i) τ(n) is even if and only if αi is odd for some i ∈ {1, 2, . . . , k}.
(ii) τ(n) is odd if and only if αi is even for every i ∈ {1, 2, . . . , k}.
(iii) If n is odd, then σ(n) is odd (even) if and only if τ(n) is odd (even).
(iv) If n = 2α, α ≥ 1, then σ(n) is odd.
(v) If n = 2αn′, with n′ = pα22 . . . p
αk
k is odd and α ≥ 1, then σ(n) is odd (even) if and
only if τ(n′) is odd (even).
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3 Some basic results
Recall that a group in which all the subgroups are normal is known as a Dedekind group.
For the characterization of Dedekind groups the reader can refer to [12, Theorem 5.3.7,
p.143]. For a given group G, we can define ΓN(G) only when G is other than a Dedekind
group; and we can define Γ(G) only when G is other than the trivial group or a group of
prime order. Also note that |V (Γ(G)| = |L(G)| − 2, where L(G) denotes the subgroup
lattice of G.
Since any normal subgroup of a group permutes with every other subgroups, so we
have the following result.
Theorem 3.1. Let G be a finite non-simple group with r proper normal subgroups. Then
Γ(G) ∼=


Kr + ΓN(G), if r 6= |L(G)| − 2;
Kr, otherwise.
Corollary 3.1. Let G be a finite non-simple group with r proper normal subgroups. If
r 6= |L(G)| − 2, then the following holds:
(i) degΓ(G)(H) =


|L(G)| − 3, if H is normal in G;
r + degΓN (G)(H), otherwise.
.
(ii) |E(Γ(G))| = |E(ΓN(G))|+
r
2
(2|L(G)| − r − 5).
(iii) α(Γ(G)) = α(ΓN(G)).
(iv) ω(Γ(G)) = r + ω(ΓN(G)).
(v) χ(Γ(G)) = r + χ(ΓN(G)).
(vi) γ(G) = 1.
Proof. We prove part (ii) and the remaining parts of the result are immediate consequence
of the previous theorem. Note that the proper number of non-normal subgroups of G is
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|L(G)| − r − 2. So by Theorem 3.1,
|E(Γ(G))| =
(
r
2
)
+ r[|L(G)| − r − 2] + |E(ΓN(G))|,
which leads to the result by simplification.
4 Dihedral groups
The dihedral group of order 2n (n ≥ 3) is defined by
Dn = 〈a, b | a
n = b2 = 1, ab = ba−1〉.
The subgroups of Dn are listed below:
(i) cyclic groups Hr0 := 〈a
n
r 〉 of order r, where r is a divisor of n;
(ii) cyclic groups H1i := 〈ba
i−1〉 of order 2, where i = 1, 2, . . . , n;
(iii) dihedral groups Hri := 〈a
n
r , bai−1〉 of order 2r, where r is a divisor of n, r 6= 1, n and
i = 1, 2, . . . , n
r
.
The proper normal subgroups of Dn are the subgroups H
r
0 , r 6= 1 listed in (i), when n is
odd; the subgroups Hr0 , r 6= 1 listed in (i) and H
n
2
i , i = 1, 2 of index 2, when n is even.
Thus
|L(Dn)| = τ(n) + σ(n), (4.1)
and so
|V (Γ(Dn)| = τ(n) + σ(n)− 2,
|V (ΓN(Dn)| =


σ(n)− 1, if n is odd;
σ(n)− 3, otherwise.
(4.2)
The following details about the permutability of subgroups of Dn were given by
Taˇrnaˇuceanu in [8, p. 2513-2516]. We will use these to prove some of our results in
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this paper. Consider the subgroups Hri and H
s
j , where r and s are the divisor of n,
i ∈ {1, 2, . . . , n
r
}, j ∈ {1, 2, . . . , n
s
}. Then
HriH
s
j = H
s
jH
r
i if and only if a
2(i−j) ∈ 〈a
n
[r,s] 〉, that is
n
[r, s]
∣∣∣ 2(i− j). (4.3)
For a fixed divisor r of n, and i ∈ {1, 2, . . . , n
r
}, let xri denotes the number of solutions
of (4.3). The value of xri is described explicitly in the following cases:
Case 1. If n is odd, then
xri =
∑
s|n
[r, s]
s
= r
∑
s|n
1
(r, s)
(4.4)
and so ∑
r|n
n
r∑
i=1
xri = g(n), (4.5)
where g is the function defined by g(k) = k
∑
r|k,s|k
1
(r, s)
, for all k ∈ N. Then g is a
multiplicative function and
g(pα) =
(2α + 1)pα+2 − (2α + 3)pα+1 + p+ 1
(p− 1)2
(4.6)
for any prime p and α ∈ N. If n = pα11 p
α2
2 . . . p
αk
k , where pi’s are distinct primes and
αi ≥ 1, then by (4.6)
g(n) =
k∏
i=1
(2αi + 1)p
αi+2
i − (2αi + 3)p
αi+1
i + pi + 1
(pi − 1)2
. (4.7)
Case 2. Let n be even.
subcase 2a. If n = 2α, α ≥ 2, then
xri = 2
u+2 − 2u+ 2α− 3 (4.8)
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for every r = 2u, where 0 ≤ u ≤ α− 1 and so
∑
r|n
n
r∑
i=1
xri = (α− 1)2
α+3 + 9. (4.9)
subcase 2b. If n = 2αn′, with n′ is odd, α ≥ 1, then for any divisor r of n with r = 2βr′,
where β ≤ α and r′|n′,
xri =


(2α+1 − 1)xr
′
i , if β = α;
(2β+2 − 2β + 2α− 3)xr
′
i , if β < α,
(4.10)
where xr
′
i is given by (4.4) and so
∑
r|n
n
r∑
i=1
xri = [(α− 1)2
α+3 + 9]g(n′) (4.11)
In addition to these cases, for any integer n ≥ 3, it is easy to see that
xn1 = σ(n) (4.12)
and for each i ∈ {1, 2, . . . , n}
x1i = τ(n). (4.13)
If n is even, then for each i = 1, 2
x
n
2
i = σ(n) (4.14)
4.1 Properties of ΓN(Dn)
In the following result, we describe the degrees of the vertices of ΓN(G).
Theorem 4.1. Let n ≥ 3 be an integer.
(i) If n is odd, then degΓN (Dn)(H
r
i ) = x
r
i − 2, for each divisor r of n, r 6= n, i =
1, 2, . . . , n
r
, where xri is given by (4.4).
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(ii) Let n be even. Then degΓN (Dn)(H
r
i ) = x
r
i − 4, for each divisor r of n, r 6= n,
n
2
,
i = 1, 2, . . . , n
r
, where xri is given by (4.8) if n = 2
α, α ≥ 2; xri is given by (4.10) if
n = 2αn′ with n′ is odd, α ≥ 1.
Proof. One can observe that for each divisor r of n and i ∈ {1, 2, . . . , n
r
}, the number of
dihedral subgroups of Dn permutes with H
r
i is x
r
i . So if n is odd, then degΓN (Dn)(H
r
i ) =
xri − |{H
r
i , H
n
1 }| = x
r
i − 2, where x
r
i is given by (4.4). If n is even, then degΓN (Dn)(H
r
i ) =
xri − |{H
r
i , H
n
1 , H
n
2
1 , H
n
2
2 }| = x
r
i − 4, where x
r
i is given by (4.8) and (4.10).
Corollary 4.1. Let n ≥ 3 be an integer and g denotes the arithmetic function given
by (4.7).
(i) If n is odd, then
|E(ΓN(Dn))| =
1
2
{g(n)− 3σ(n) + 2}.
(ii) If n = 2α, α ≥ 2, then
|E(ΓN(Dn))| = 2
α(4α− 11) + 14.
(iii) If n = 2αn′, with n′ is odd, α ≥ 1, then
|E(ΓN(Dn))| =
1
2
{
[(α− 1)2α+3 + 9]g(n′)− 7σ(n) + 12
}
.
Proof. (i): If n is odd, then by Theorem 4.1(i) and by using (4.5), (4.12), we have
|E(ΓN(Dn))| =
1
2
∑
H∈ΓN (Dn)
degΓN (Dn)(H)
=
1
2
∑
r|n
r 6=n
n
r∑
i=1
(xri − 2)
=
1
2
[∑
r|n
n
r∑
i=1
(xri − 2)− (x
n
1 − 2)
]
=
1
2
[∑
r|n
n
r∑
i=1
xri − 2
∑
r|n
n
r∑
i=1
1− (σ(n)− 2)
]
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=
1
2
[∑
r|n
n
r∑
i=1
xri − 2σ(n)− (σ(n)− 2)
]
=
1
2
[
g(n)− 3σ(n) + 2]
(ii)-(iii): By Theorem 4.1(ii) and by using (4.12) and (4.14), we have
|E(ΓN(Dn))| =
1
2
∑
H∈ΓN (Dn)
degΓN (Dn)(H)
=
1
2
∑
r|n
r 6=n,n
2
n
r∑
i=1
(xri − 4)
=
1
2
[∑
r|n
n
r∑
i=1
(xri − 4)− (x
n
1 − 4)−
∑
r=n
2
n
r∑
i=1
(xri − 4)
]
=
1
2
[∑
r|n
n
r∑
i=1
xri − 4
∑
r|n
n
r∑
i=1
1− (σ(n)− 4)− 2(σ(n)− 4)
]
=
1
2
[∑
r|n
n
r∑
i=1
xri − 4σ(n)− (σ(n)− 4)− 2(σ(n)− 4)
]
=
1
2
[∑
r|n
n
r∑
i=1
xri − 7σ(n) + 12
]
. (4.15)
Now to complete the proof it remains to consider the following cases:
Case a. If n = 2α, α ≥ 2, then (4.15) reduces to the result after simplification, by using
(4.9) and σ(n) = 2α+1 − 1.
Case b. If n = 2αn′, with n′ is odd and α ≥ 1, then (4.15) reduces to the result after
simplification, by using (4.11).
In the following result, we determine the values of n for which ΓN(Dn) is Eulerian.
Corollary 4.2. Let n ≥ 3 be an integer.
(i) If n is odd with n = pα11 p
α2
2 . . . p
αk
k , where pi’s are distinct primes and αi ≥ 1, then
ΓN (Dn) is Eulerian if and only if αi is odd for some i ∈ {1, 2, . . . , k}.
(ii) If n = 2α, α ≥ 2, then ΓN(Dn) is non-Eulerian.
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(iii) If n = 2αn′, with n′ = pα11 p
α2
2 . . . p
αk
k is odd, where pi’s are distinct primes and α ≥ 1,
then ΓN(Dn) is Eulerian if and only if αi is odd for some i ∈ {1, 2, . . . , k}.
Proof. (i): By Theorem 4.1(i), degΓN (Dn)(H
r
i ) is even if and only if
∑
s|n
[r, s]
s
is even. Since
n is odd,
[r, s]
s
is odd for each divisor r and s of n. So it follows that
∑
s|n
[r, s]
s
is even
only when τ(n) is even; this is true only when αi is odd, for some i ∈ {1, 2, . . . , k}.
(ii): By Theorem 4.1(ii), degΓN (Dn)(H
r
i ) is odd, for every α and so ΓN(Dn) is non-Eulerian.
(iii): By Theorem 4.1(ii), degΓN (Dn)(H
r
i ) is even if and only if x
r
i is even; that is when x
r′
i
is even, where xr
′
i is given by (4.4). But for each divisor r
′ of n′, [r
′,s′]
s′
is always odd. So
xr
′
i is even if and only if τ(n
′) is even; that is only when αi is odd, for some i.
Now we make further investigation to know more about the structure of ΓN(Dn). If
n is odd, then for each divisor r of n, r 6= n, let Aor = {H
r
i | i = 1, 2, . . . ,
n
r
}. It is easy
to see that Aor is a maximal independent set in ΓN(Dn). Also these sets are mutually
disjoint and
ΓN(Dn) =
⋃
r|n
r 6=n
Aor.
Also note that the number of such Aor is τ(n)− 1.
Let n = 2αn′ be even, with n′ is odd and α ≥ 1. Then for every divisor r of n with n
r
is
even and r 6= n
2
, let Aer := {H
r
i | i = 1, 2, . . . ,
n
2r
} and Ber := {H
r
i | i =
n
2r
+1, n
2r
+2, . . . , n
r
}.
For every divisor r of n with n
r
is odd and r 6= n, let Cer := {H
r
i | i = 1, 2, . . . ,
n
r
}. Here
each of Aer, B
e
r and C
e
r forms a maximal independent set in ΓN(Dn). Also these three
class of sets are mutually disjoint and
ΓN (Dn) =
⋃
r|n
r 6=n
n
r
is odd
Cer ∪
⋃
r|n
r 6=n
2
n
r
is even
(Aer ∪ B
e
r).
The number of divisors r of n such that r 6= n
2
with n
r
is even is ατ(n′)− 1. Each of
these divisors gives rise to two partition namely, Aer and B
e
r in V (ΓN(Dn)). The number
of divisors r of n such that r 6= n with n
r
is odd is τ(n′) − 1. Each of these divisors
Permutability Graphs of Non-abelian Groups 12
gives rise to exactly one partition namely, Cer in V (ΓN(Dn)). Thus in total, we have
2(ατ(n′)− 1) + τ(n′)− 1 = (2α+ 1)τ(n′)− 3 partitions of V (ΓN(Dn)).
Theorem 4.2. Let n ≥ 3 be an integer. Then ΓN(Dn) is (τ(n) − 1)-partite if n is odd;
((2α + 1)τ(n′) − 3)-partite if n = 2αn′, with n′ is odd, α ≥ 1. But ΓN(Dn) is not a
complete partite graph for any n.
Proof. Partiteness of ΓN(Dn) follows from the above discussions. Now we prove the last
part of the theorem. Let n = pα11 p
α2
2 . . . p
αk
k , where pi’s are distinct primes and αi ≥ 1.
Case 1. n is odd. If k = 1 and α1 = 1, then by Theorem 4.3, ΓN(Dn) is not complete
partite graph. Otherwise, let H11 ∈ A1 and H
r
2 ∈ Ar, where r is a divisor of n, r 6= n.
Here H11 does not permutes with H
r
2 and so ΓN(Dn) is not a complete partite graph.
Case 2. n is even. Let H11 ∈ A1 and H
1
2+n
2
∈ A1+n
2
. Here H11 does not permute with
H12+n
2
and so ΓN (Dn) is not a complete partite graph.
Theorem 4.3. Let n ≥ 3 be an integer. Then ΓN(Dn) is totally disconnected if and only
if n is an odd prime.
Proof. Let n = pα11 p
α2
2 . . . p
αk
k , where pi’s are distinct primes and αi ≥ 1.
Case 1. k = 1.
subcase 1. n is odd. If α1 = 1, then no H
1
i permutes with any H
1
j , for every i, j ∈
{1, 2, . . . , p}, i 6= j and so ΓN(Dp) ∼= Kp. If α > 1, then H
p
1 , H
1
1 permutes. So ΓN(Dn)
contains an edge.
subcase 2. n is even. Then H11 and H
1
1+n
2
permutes. Therefore ΓN(Dn) contains an
edge.
Case 2. k ≥ 2. If n is odd, then Hp
α1
1 and H
pα2
1 permutes and so ΓN(Dn) contains an
edge. If n is even, then H11 , H
1
1+n
2
permutes and so ΓN (Dn) contains an edge. Combaining
all the cases together gives the result.
Theorem 4.4. Let n ≥ 3 be an integer.
(i) α(ΓN(Dn)) =


n, if n is odd;
n
2
, if n is even.
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(ii) γ(ΓN(Dn)) = p, where p is the smallest prime factor of n.
(iii) ω(ΓN(Dn)) = χ(ΓN(Dn)) =


τ(n)− 1, if n is odd;
(2α+ 1)τ(n′)− 3, if n = 2αn′,with n′ is odd.
In particular, ΓN(Dn) is weakly perfect.
Proof. (i): As explained earlier, V (ΓN(Dn)) is the disjoint union of maximal independent
sets. If n is odd, the maximal independent set Ao1 in ΓN(Dn) has the maximal cardinality
with |Ao1| = n. If n is even, the maximal independent sets A
e
1 and B
e
1 in ΓN(Dn) both
attains the maximal cardinality with |Ae1| =
n
2
= |Be1|.
(ii): Note that ω(ΓN(Dn)) ≤ χ(ΓN(Dn)), for every n.
Case 1. n is odd. Then A := {Hr1 | r|n, r 6= n} is a clique set in ΓN(Dn). So
ω(ΓN(Dn)) ≥ |A| = τ(n) − 1. By Theorem 4.2, ΓN(Dn) is a τ(n) − 1 partite graph. So
χ(ΓN(Dn)) ≤ τ(n)−1. Thus τ(n)−1 ≤ ω(ΓN(Dn)) ≤ χ(ΓN(Dn)) ≤ τ(n)−1. Therefore,
ω(ΓN(Dn)) = χ(ΓN (Dn)) = τ(n)− 1.
Case 2. n = 2αpα22 . . . p
αk
k , where pi’s are distinct primes and α, αi ≥ 1.
Then Let A := {Hr1 , H
r
1+ n
2r
| r is a divisor of n with n
r
is even, r 6= n, 2α−1pα22 . . . p
αk
k }∪
{Hr1 | r is a divisor of n with
n
r
is odd and r 6= n} forms a clique set in ΓN (Dn).
In this case, ω(ΓN(Dn)) ≥ |A| = (2α + 1)τ(n
′) − 3. By Theorem 4.2, ΓN(Dn)
is a (2α + 1)τ(n′) − 3 partite graph and so χ(ΓN(Dn)) ≤ (2α + 1)τ(n
′) − 3. Thus
(2α+1)τ(n′)−3 ≤ ω(ΓN(Dn)) ≤ χ(ΓN (Dn)) ≤ (2α+1)τ(n
′)−3. Therefore, ω(ΓN(Dn)) =
χ(ΓN(Dn)) = (2α + 1)τ(n
′)− 3.
Weakly perfectness of ΓN(Dn) follows by the above two cases.
(iii): By Theorem 4.2, ΓN (Dn) is a partite graph and every partition of V (ΓN (Dn)) is
an maximal independent set. Among these maximal independent sets, Ad is a maximal
independent set in ΓN(Dn) with minimum cardinality, where d is the largest divisor of
n. It is well known that in a graph any maximal independent set is a dominating set.
Consequently, Ad is an independent dominating set of ΓN(Dn) with minimum cardinality,
where d is the largest divisor of n.
If n = 2αpα11 p
α2
2 . . . p
αk
k is even, where pi’s are distinct primes and α, αi ≥ 1, then
Permutability Graphs of Non-abelian Groups 14
d = 2α−1pα22 . . . , p
αk
k is the largest divisor of n and so |Ad| = 2. Hence γ(ΓN(Dn)) ≤ 2.
Suppose γ(ΓN(Dn)) = 1, then there exists a subgroup in Dn, which permutes with every
other subgroups of Dn, which is not possible, since by Theorem 4.2, ΓN(Dn) is a partite
graph with every partition has at least two vertices. So γ(ΓN(Dn)) = 2.
Let n = pα11 p
α2
2 . . . p
αk
k be odd, where pi’s are distinct primes and αi ≥ 1. With out loss
of generality we assume that p1 < p2 < . . . < pk. Then d = p
α1−1
1 p
α2
2 . . . p
αk
k is the largest
divisor of n and so |Ad| = p1. Thus γ(ΓN(Dn)) ≤ p1. We show that, Ad is a dominating
set with minimal cardinality. Now for any i ∈ {1, 2, . . . , n
d
}, we consider Ad−{H
d
i }. Then
no vertex in Ad − {H
d
i } permutes with H
1
i . It follows that p1 − 1 < γ(ΓN(Dn)) ≤ p1.
Therefore, γ(ΓN(Dn)) = p1.
In the next result, we give the structure of ΓN (Dn) for some values of n.
Theorem 4.5. Let n ≥ 3 be an integer.
(i) If n = 2α, α ≥ 2, then
ΓN(Dn) ∼= 2(ΓN(Dn
2
) +K2) (4.16)
with ΓN(D22) ∼= 2K2.
(ii) If n = pα, where p is a prime, p > 2, α ≥ 1, then
ΓN(Dn) ∼= p(ΓN (Dn
p
) +K1) (4.17)
with ΓN(Dp) ∼= Kp.
(iii) If n = 2p, where p is a prime, p > 2, then
ΓN(Dn) ∼= pK3. (4.18)
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(iv) If n = pq, where p, q are distinct primes, 2 < p < q, then
ΓN(Dn) ∼=
p⋃
i=1
q⋃
j=1
Gij , (4.19)
where for each i = 1, 2, . . . , p, j = 1, 2, . . . , q, Gij is the complete graph with vertex
set {ui, vj, wij}.
Proof. (i): If α = 2, then H1i , i = 1, 2, 3, 4 are the only non-normal subgroups of Dn. Also
H1i and H
1
i+2 permutes with each other for each i ∈ {1, 2}; no two remaining subgroups
permutes. It follows that, ΓN(Dn) ∼= 2K2. Now we consider α > 2. For each i = 1, 2,
let Gi denotes the subgraph of ΓN(Dn) induced by the proper non-normal subgroups in
H2
α−1
i . Clearly ΓN(Dn)
∼= G1 ∪ G2. Since for each i = 1, 2 H
2α−1
i
∼= D2α−1 , so we have
ΓN (H
2α−1
i )
∼= ΓN(D2α−1). (4.20)
For each i = 1, 2, H2
α−2
i and H
2α−2
i+2 permutes in Dn and they are normal in H
2α−1
i ; but
are not normal in Dn. So by using (4.20), for each i = 1, 2 we have
Gi ∼= ΓN(H
2α−1
i ) +K2
∼= ΓN(D2α−1) +K2.
Here no vertex of G1 is adjacent with any vertex of G2. Thus ΓN(Dn) is the disjoint union
of G1 and G2.
(ii): If α = 1, then H1i , i = 1, 2, . . . , p are the only non-normal subgroups of Dn. No two
distinct subgroups of this type permutes. Therefore, ΓN(Dn) ∼= Kp. Now we consider
α > 1. For each i = 1, 2, . . . , p, let Gi denotes the subgraph of ΓN(Dn) induced by
the proper non-normal subgroups in Hp
α−1
i . Clearly ΓN(Dn)
∼=
p⋃
i=1
Gi. Since for each
i = 1, 2, . . . , p, Hp
α−1
i
∼= Dpα−1 , so we have
ΓN(H
pα−1
i )
∼= ΓN(Dpα−1). (4.21)
Here Hp
α−1
i , i = 1, 2, . . . , p permutes with all its proper subgroups. Further no H
α−1
i
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permutes with any Hα−1j and its subgroups for all i, j = 1, 2, . . . , p, i 6= j. So by
using (4.21), for each i = 1, 2, . . . , p, we have
Gi ∼= ΓN(H
pα−1
i ) +K1
∼= ΓN(Dpα−1) +K1.
So ΓN (Dn) is the disjoint union of Gi’s.
(iii): If n = 2p, then H2i , i = 1, . . . , p and H
1
i , i = 1, 2, . . . , 2p are the only non-normal
subgroups of Dn. Also for each i ∈ {1, . . . , p}, H
1
i , H
1
i+p are subgroups of H
2
i ; they
permutes with each other; no H2i permutes with H
2
j for every i 6= j. It follows that
ΓN(Dn) ∼= pK3.
(iv): If n = pq, 2 < p < q, then Hqi , i = 1, . . . , p, H
p
j , j = 1, . . . , q and H
1
k , k = 1, . . . , pq
are the only non-normal subgroups of Dn. Here for each i ∈ {1, . . . , p}, j ∈ {1, . . . , q}, H
q
i
permutes with Hpj ; no two subgroups of the form H
q
i permutes with each other. For each
i ∈ {1, . . . , p}, j ∈ {1, . . . , q}, by Chinese Remainder Theorem, there exist a positive
integer, say mij such that mij ≡ i mod p and mij ≡ j mod q. It follows that, H
1
mij
is the unique proper subgroup of Hqi and H
p
j for every i = 1, 2, . . . , p, j = 1, 2, . . . , q.
So for each i ∈ {1, . . . , p}, j ∈ {1, . . . , q}, Hqi , H
p
j , H
1
mij
permutes with each other and
hence they form the complete graph, say Gij as a subgraph of ΓN (Dn) with vertex set
{Hqi , H
p
j , H
1
mij
}. Thus ΓN (Dn) is the union of these Gij ’s.
Example 4.1. In Figure 1, we exhibit the structure of ΓN(D15) described in Theo-
rem 4.5(iv).
Theorem 4.6. If n ≥ 3 is a deficient number, then ΓN(Dn) is non-Hamiltonian.
Proof. Let S = V (ΓN(Dn))−A1. Since n is an deficient number, we have |S| = σ(n)−(n+
1) < n = |A1| = c(ΓN(Dn)−S) and so by Theorem 2.1, ΓN(Dn) is non-Hamiltonian.
Corollary 4.3. Let p, q be two distinct primes. If n is one of the following: n = 2α,
α ≥ 2, n = pα, α ≥ 1, n = 2p, p > 2, or n = pq, 2 < p < q, then ΓN(Dn) is
non-Hamiltonian.
Proof. If n is one of the following: n = 2α, α ≥ 2, n = pα, α ≥ 1, or n = 2p, p > 2,
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Figure 1: The graph ΓN(D15)
then by (4.16), (4.17), and (4.18), respectively ΓN(Dn) is disconnected and hence Γ(Dn)
is non-Hamiltonian.
If n = pq, then n is a deficient number and so by Theorem 4.6, ΓN(Dn) is non-
Hamiltonian.
Theorem 4.7. If n = 2α, α ≥ 2, then each component of ΓN (Dn) contains a Hamiltonian
path.
Proof. We shall prove this result by induction on α. If α = 2, then by Theorem 4.5(i),
ΓN(Dn) ∼= 2K2. Here each component contains a Hamiltonian path. Hence the result is
true for α = 2. We assume that the result is true for any positive integer m < α. Now we
consider α > 2. By Therorem 4.5(i), ΓN(Dn) has two components, say G1 and G2 each
isomorphic to ΓN(D2α−1)+K2. Let us consider any one of these components, say G1. By
induction hypothesis and by Therorem 4.5(i), ΓN(D2α−1) has two components and each
contains a Hamiltonian path, say P and P ′ respectively. Also let u and v be the vertices
of K2. Then we have a Hamiltonian path, u − P − v − P
′ in G1. This completes the
proof.
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4.2 Properties of Γ(Dn)
Now we start to investigate the structure and properties of Γ(Dn).
Theorem 4.8. Let n ≥ 3 be an integer. Then Γ(Dn) ∼= Kr+ΓN(Dn), where r = τ(n)+1
if n is even; r = τ(n)− 1 if n is odd.
Proof. Since the number of normal subgroups of Dn is τ(n) + 1 if n is even; τ(n) − 1 if
n is odd, so the proof follows by Theorems 3.1 and 4.2.
Corollary 4.4. Let n ≥ 3 be an integer.
(i) degΓ(Dn)(H
r
o) = τ(n) + σ(n)− 3, for every divisor r of n, r 6= 1.
(ii) degΓ(Dn)(H
r
i ) = τ(n) + x
r
i − 3, for every divisor r of n, r 6= n, i = 1, 2, . . . ,
n
r
, where
xri is given by (4.4) if n is odd; x
r
i is given by (4.8) if n = 2
α, α ≥ 2; xri is given by
(4.10) if n = 2αn′, with n′ is odd and α ≥ 1.
Proof. (i): For each divisor r of n, r 6= 1, the subgroup Hr0 is normal in Dn for any n. So
by Corollary 3.1(i) and (4.1), degΓ(Dn)(H
r
0) = τ(n) + σ(n)− 3.
(ii): Follows by Theorem 4.1, Corollary 3.1(i) and (4.1).
Corollary 4.5. Let n ≥ 3 be an integer and g denotes the arithmetic function given
by (4.7).
(i) If n is odd, then
|E(Γ(Dn))| =
1
2
{
g(n)− 5σ(n) + τ(n)[τ(n) + 2σ(n)− 5] + 6
}
.
(ii) If n = 2α, α ≥ 2, then
|E(Γ(Dn))| =
1
2
{
2α+1(6α− 7) + α2 − 5α+ 14
}
.
(iii) If n = 2αn′, with n′ is odd, α ≥ 1, then
|E(Γ(Dn))| =
1
2
{
[(α− 1)2α+3 + 9]g(n′)− 5σ(n) + τ(n) + 6 + τ(n)[τ(n) + 2σ(n)− 6]
}
.
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Proof. Follows by Corollaries 4.1, 3.1(ii), (4.1) and from the fact that the number of
normal subgroups of Dn is τ(n) + 1 if n is even; τ(n)− 1 if n is odd.
Corollary 4.6. Let n ≥ 3 be an integer.
(i) If n is odd, then Γ(Dn) is non-Eulerian.
(ii) If n = 2α, α ≥ 2, then Γ(Dn) is Eulerian if and only if α is odd.
(iii) If n = 2αn′, with n′ = pα11 p
α2
2 . . . p
αk
k is odd, where pi’s are distinct primes and
α, αi ≥ 1, then Γ(Dn) is Eulerian if and only if α is odd and αi is even for every
i ∈ {1, 2, . . . , k}.
Proof. (i): By Corollary 4.4(ii) and (4.13), degΓ(Dn)(H
1
i ) is odd, for each i = 1, 2, . . . , n.
So Γ(Dn) is non-Eulerian.
(ii): By Corollary 4.4(i), degΓ(Dn) (H
r
0) is even if and only if either τ(n) is odd and σ(n)
is even or τ(n) is even and σ(n) is odd. By Note 2.1, it follows that degΓ(Dn)(H
r
0) is even
if and only if α is odd. Also by Corollary 4.4(ii), deg(Hri ) is even if and only if either
τ(n) is odd and xri is even or τ(n) is even and x
r
i is odd. By (4.8) x
r
i is odd. Further
τ(n) is even only when α is odd. Thus deg(Hri ) is even only when α is odd. Combining
all these, we get the result.
(iii): By Corollary 4.4(i), degΓ(DN ) (H
r
0) is even if and only if either τ(n) is odd and σ(n)
is even or τ(n) is even and σ(n) is odd. By Note 2.1, we have τ(n) is even and σ(n) is
odd. It follows that degΓ(Dn)(H
r
0) is even if and only if α is odd and αi is even for every
i ∈ {1, 2, . . . , k}. Also by Corollary 4.4(ii), degΓ(Dn) (H
r
i ) is even if and only if either τ(n)
is odd and xri is even or τ(n) is even and x
r
i is odd. By the above argument, we have
τ(n) is even and so we must have xri is odd. By (4.10), x
r
i is odd if and only if σ(n
′) is
odd. Now, by Note 2.1, it follows that degΓ(Dn)(H
r
i ) is even if and only if αi is even for
every i ∈ {1, 2, . . . , k}. Proof follows by combining the above facts.
Corollary 4.7. Let n ≥ 3 be an integer.
(i) α(Γ(Dn)) =


n, if n is odd;
n
2
, if n is even
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(ii) ω(Γ(Dn)) = χ(Γ(Dn)) =


2(τ(n)− 1), if n is odd;
τ(n) + (2α+ 1)τ(n′)− 2, if n = 2αn′,with n′ is odd.
In particular, Γ(Dn) is weakly perfect.
Proof. (i): Proof follows by Corollary 3.1 and Theorem 4.4.
(ii): Since the number of proper normal subgroups of Dn is τ(n)− 1 if n is odd; τ(n) + 1
if n is even, so the proof follows by Theorem 4.4 and Corollary 3.1.
Theorem 4.9. Let n ≥ 3 be an integer. Then Γ(Dn) is a split graph if and only if n is
an odd prime.
Proof. By Theorem 4.2, ΓN(Dn) is a partite graph, so by definition of split graph and by
Theorem 4.3, Γ(Dn) is a split graph if and only if n is an odd prime.
In the following result, we describe the structure of Γ(Dn) for some values of n.
Corollary 4.8. Let n ≥ 3 be an integer.
(i) If n = 2α and α ≥ 2, then Γ(Dn) ∼= Kα+2 + ΓN (Dn), where ΓN(Dn) is given by
(4.16).
(ii) If n = pα where p is a prime, p > 2, α ≥ 1, then Γ(Dn) ∼= Kα + ΓN (Dn), where
ΓN (Dn) is given by (4.17).
(iii) If n = 2p, where p is a prime, p > 2, then Γ(Dn) ∼= K5 + ΓN(Dn), where ΓN(Dn)
is given by (4.18).
(iv) If n = pq, where p, q are distinct primes, 2 < p < q, then Γ(Dn) ∼= K3 + ΓN(Dn),
where ΓN(Dn) is given by (4.19).
Proof. Follows from Theorems 4.8 and 4.5.
Theorem 4.10. Let n ≥ 3 be an integer. If τ(n) + σ(n) < 2(n + 1), then Γ(Dn) is
non-Hamiltonian.
Proof. Let S = V (Γ(Dn))−A1. Since τ(n)+σ(n) < 2(n+1), so |S| = τ(n)+σ(n)− (n+
2) < n = |A1| = c(Γ(Dn)− S). Thus by Theorem 2.1, Γ(Dn) is non-Hamiltonian.
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Lemma 4.1. Let Gr, r = 1, 2, . . . , m be vertex disjoint graphs and H be a graph with
n vertices. Suppose that Gr, r = 1, 2, . . . , m and H have Hamiltonian paths. Let G ∼=
H +
m⋃
r=1
Gr. Then G is Hamiltonian if and only if m ≤ n.
Proof. For each r = 1, 2, . . . , m, let Pr be a Hamiltonian path in Gr and let P : v1− v2−
· · · − vn be a Hamiltonian path in H . If m ≤ n, then v1 − P2 − v2 − P3 − v3 − · · · −
vm−1−Pm− vm− vm+1 · · · − vn−P1− v1 is a Hamiltonian cycle in G. If m > n, we take
S = V (H). Then c(G− S) > |S| and so by Theorem 2.1, G is non-Hamiltonian.
Theorem 4.11.
(i) If n = pα, where p is prime, α ≥ 1, then Γ(Dn) is Hamiltonian if and only if p = 2
and α ≥ 2.
(ii) If n = pq, where p, q are distinct primes, p < q, then Γ(Dn) is Hamiltonian if and
only if p = 2 and q ≤ 5.
Proof. (i): We need to consider the following cases:
Case a. p = 2. By Corollary 4.8(i), Γ(Dn) ∼= H +
2⋃
r=1
Gr, where H ∼= Kα+2 and
Gr ∼= Γ(Dn
2
) +K2. Now by Theorem 4.7 and Lemma 4.1, Γ(Dn) is Hamiltonian.
Case b. p > 2. Let S = V (Γ(Dn))−A1. Then |S| = τ(n)+σ(n)− (n+2) < n = |A1| =
c(Γ(Dn)− S). So by Theorem 2.1, Γ(Dn) is non-Hamiltonian.
(ii): We give the proof in the following cases:
Case a. p = 2. Then by Corollary 4.8(iii), Γ(Dn) ∼= H +
q⋃
r=1
Gr, where H ∼= K5 and for
each r = 1, 2, . . . , q, Gr ∼= K3. Then by Lemma 4.1, Γ(Dn) is Hamiltonian if and only if
q ≤ 5.
Case b. p ≥ 3 and q ≥ 5. Let S = V (Γ(Dn))−A1. Then |S| = τ(n) + σ(n)− (n+ 4) <
n = |A1| = c(Γ(Dn)− S). So by Theorem 2.1, Γ(Dn) is non-Hamiltonian.
5 Quaternion groups
For any integer n > 1, the quaternion group of order 4n, is defined by
Qn = 〈a, b|a
2n = b4 = 1, b2 = an, ab = ba−1〉.
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The subgroups of Qn are listed below:
(i) cyclic groups H0,r = 〈a
2n
r 〉, of order r, where r is a divisor of 2n;
(ii) cyclic groups Hi,1 = 〈a
ib〉 of order 4, where i = 1, . . . , n;
(iii) quaternion groups Hi,r = 〈a
n
r , aib〉 of order 4r, where r is a divisor of n, i = 1, . . . , n
r
.
The proper normal subgroups of Qn are the subgroups H
r
0 , r 6= 1 listed in (i), when n is
odd; the subgroups Hr0 , r 6= 1 listed in (i) and Hi,n2 , i = 1, 2 of index 2, when n is even.
Thus
|L(Qn)| = τ(2n) + σ(n), (5.1)
and so
|V (Γ(Qn))| = τ(2n) + σ(n)− 2,
|V (ΓN(Dn)| =


σ(n)− 1, if n is odd;
σ(n)− 3, otherwise.
It is well known that Z(Qn) ∼= 〈a
n〉 is the unique minimal subgroup of Qn and
Qn
Z(Qn)
∼= Dn.
For each positive divisors r, s of n and i ∈ {1, 2 . . . , n
r
}, j ∈ {1, 2 . . . , n
s
}, consider the
subgroups Hi,r and Hj,s, of Qn.
Hi,r and Hj,s permutes if and only if
Hi,r
Z(Qn)
and
Hj,s
Z(Qn)
permutes.
But
Hi,r
Z(Qn)
∼= 〈x
n
r , yxi
′−1〉 ∼= Hri′
and
Hj,s
Z(Qn)
∼= 〈x
n
s , yxj
′−1〉 ∼= Hsj′,
where x = a〈an〉, y = b〈an〉, i = q1r + i
′, j = q2s+ j
′, 0 ≤ i′ < r and 0 ≤ j′ < s for some
q1, q2 ∈ Z.
Thus Hi,r and Hj,s permutes if and only if H
r
i and H
s
j permutes.
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In view of these together with the necessary and sufficient condition for the per-
mutability of dihedral subgroups discussed in Section 4, we have the following:
Hi,r permutes with Hj,s if and only if x
2(i′−j′) ∈ 〈x
n
[r,s] 〉, that is,
n
[r, s]
∣∣∣ 2(i′ − j′). (5.2)
Let r be a fixed positive divisor of n and i ∈ {1, 2, . . . , n
r
}. Suppose that i = q′r + i′,
where 0 ≤ i′ < r, q′ ∈ Z. Then it is easy to see that xri′ , the number of solution of (5.2)
is equal to xri , the number of solution of (4.3).
In view of these facts, we have the following result.
Theorem 5.1. Let n ≥ 3 be an integer. Then ΓN (Qn) ∼= ΓN (Dn).
Theorem 5.2. Let n > 1 be an integer. Then Γ(Qn) ∼= Kr+ΓN(Dn), where r = τ(2n)+1
if n is even; r = τ(2n)− 1 if n is odd.
Proof. Since the number of normal subgroups of Qn is τ(2n) + 1 if n is even; τ(2n) − 1
if n is odd, so the proof follows by Theorems 3.1, 5.1 and 4.2.
Corollary 5.1. Let n > 1 be an integer.
(i) degΓ(Qn)(H0,r) = τ(2n) + σ(n)− 3, for every divisor r of 2n, r 6= 2n.
(ii) degΓ(Qn)(Hi,r) = τ(2n) + xi
r − 3, for every divisor r of n, r 6= n, i ∈ {1, 2, . . . , n
r
},
where xri is given by (4.4) if n is odd; where x
r
i is given by (4.8) if n = 2
α, α ≥ 1;
xri is given by (4.10) if n = 2
αn′, with n′ is odd and α ≥ 1.
Proof. Follows by Theorems 5.1, 4.1, Corollary 3.1 and (5.1).
Corollary 5.2. Let n > 1 be an integer and g denotes the arithmetic function given
by (4.7).
(i) If n is odd, then
|E(Γ(Qn))| =
1
2
{
g(n)− 5σ(n) + 6 + τ(2n)(τ(2n) + 2σ(n)− 5)
}
.
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(ii) If n = 2α, α ≥ 2, then
|E(Γ(Qn))| =
1
2
{
2α+1(6α− 5) + α2 − 3α+ 10
}
.
(iii) If n = 2αn′, with n′ is odd, α ≥ 1, then
|E(Γ(Qn))| =
1
2
{
[(α−1)2α+3+9]g(n′)−5σ(n)+τ(2n)+6+τ(2n)[τ(2n)+2σ(n)−6]
}
.
Proof. Follows by Theorem 5.1, Corollary 4.1, (5.1) and from the fact that the number
of normal subgroups of Qn is τ(2n) + 1 if n is even; τ(2n)− 1 if n is odd.
Now we characterize the values of n for which Γ(Qn) is Eulerian.
Corollary 5.3. Let n > 1 be an integer.
(i) If n is odd, then Γ(Qn) is non-Eulerian.
(ii) If n = 2α, α ≥ 2, then Γ(Qn) is Eulerian if and only if α is even.
(iii) If n = 2αn′, with n′ is odd, n′ = pα11 p
α2
2 . . . p
αk
k , where pi’s are distinct primes and
α, αi ≥ 1, then Γ(Qn) is Eulerian if and only if α is even and αi is even, for every
i ∈ {1, 2, . . . , k}.
Proof. (i): By Corollary 5.1(ii), degΓ(Qn)(Hi,1) is odd. So proof follows.
(ii): By Corollary 5.1(i), degΓ(Qn)(H0,r) is even if and only if either τ(2n) is odd and σ(n)
is even or τ(2n) is even and σ(n) is odd. By Note 2.1, σ(n) is odd, so we must have τ(2n)
is even. By Note 2.1, τ(2n) is even if and only if α is even. Now by Corollary 5.1(ii),
degΓ(Qn)(Hi,r) is even if and only if x
r
i is odd. By the above argument τ(2n) is even and
by (4.8), xri is odd. So the proof follows.
(iii). By Corollary 5.1(i), degΓ(Qn)(H0,r) is even if and only if either τ(2n) is even and
σ(n) is odd or τ(2n) is odd and σ(n) is even. Now we haver to consider following two
cases.
Case a. α is odd. By Note 2.1, there is no such n exist.
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Case b. α is even. By Note 2.1, τ(2n) is even, so we must have σ(n) is odd. But σ(n) is
odd if and only if σ(n′) is odd, by Note 2.1, σ(n′) is odd if and only if αi is even for every
i ∈ {1, 2, . . . , k}. Now by Corollary 5.1(ii), degΓ(Qn)(Hi,r) is even if and only if either
τ(2n) is even and xri is odd or τ(2n) is odd and x
r
i is even. But by the above argument
τ(2n) is even, so we must have xri is odd. By (4.10) x
r
i is odd if and only if σ(n
′) is odd.
Thus by Note 2.1, xri is odd if and only if αi is even for every i ∈ {1, 2, . . . , k}.
Corollary 5.4. Let n > 1 be an integer.
(i) α(Γ(Qn)) =


n, if n is odd;
n
2
, if n is even
(ii) ω(Γ(Qn)) = χ(Γ(Qn)) =


τ(2n) + τ(n)− 2, if n is odd;
τ(2n) + (2α + 1)τ(n′)− 2, if n = 2αn′,with n′ is odd.
In particular, Γ(Qn) is weakly perfect.
Proof. (i): Proof follows by Theorems 5.1, 4.4 and Corollary 3.1.
(ii): Since the number of proper normal subgroups of Qn is τ(2n)−1 if n is odd; τ(2n)+1
if n is even, so the proof follows from Theorems 5.1, 4.4 and Corollary 3.1.
In the next result, we describe the structure of Γ(Qn) for some values of n.
Theorem 5.3. Let n > 1 be an integer.
(i) If n = 2α, α ≥ 1, then
Γ(Qn) ∼=


K4, if α = 1;
Kα+3 + ΓN(Dn), otherwise.
where ΓN(Dn) is given by (4.16).
(ii) If n = pα, where p is a prime, p > 2, α ≥ 1, then Γ(Qn) ∼= K2α+1 + ΓN(Dn), where
ΓN (Dn) given by (4.17).
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(iii) If n = 2p, where p is a prime, p > 2, then Γ(Qn) ∼= K7 + ΓN (Dn), where ΓN(Dn)
given by (4.18).
(iv) If n = pq, where p, q are primes, 2 < p < q, then Γ(Qn) ∼= K7 + ΓN(Dn), where
ΓN (Dn) given by (4.19).
Proof. If n = 2, then Qn is dedekind with 4 proper subgroups and so Γ(Qn) ∼= K4. The
proofs of the remaining cases follows by Theorems 5.1, 5.2 and 4.5.
Theorem 5.4. Let n > 1 be an integer. If τ(2n) + σ(n) < 2(n + 1), then Γ(Qn) is
non-Hamiltonian.
Proof. Let S = V (Γ(Qn)) − A1. Since τ(2n) + σ(n) < 2(n + 1), we have |S| = τ(2n) +
σ(n)−n + 2 < n = |A1| = c(Γ(Qn)−S). So by Theorem 2.1, Γ(Qn) is non-Hamiltonian.
Theorem 5.5.
(i) If n = pα, where p is a prime, α ≥ 1, then Γ(Qn) is Hamiltonian if and only if
either p = 2 and α ≥ 1 or p = 3 and α = 1.
(ii) If n = pq, where p, q are distinct primes, then Γ(Qn) is Hamiltonian if and only if
either p = 2 and q ≤ 7 or p = 3 and q = 5.
Proof. (i): Proof is divided into two cases.
Case a. p = 2. By Theorem 5.3(i), Γ(Dn) ∼= H+G, where H ∼= Kα+3 and G ∼= ΓN(Dn).
Now by Theorem 4.7 and Lemma 4.1, Γ(Qn) is Hamiltonian.
Case b. p > 2.
If α = 1, then by Theorem 5.3(ii), Γ(Qn) ∼= H +
p⋃
r=1
Gr, where H ∼= K3 and for each
r = 1, 2, . . . , p, Gr ∼= K1. So by Lemma 4.1, Γ(Qn) is Hamiltonian if and only if p = 3.
If α ≥ 2, we take S = V (Γ(Qn))−A1. Then |S| = τ(2n)+σ(n)−n + 2 < n = |A1| =
c(Γ(Qn)− S). So by Theorem 2.1, Γ(Qn) is non-Hamiltonian.
(ii): We deal with the following cases:
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Case a. p = 2. Then by Theorem 5.3(iii), Γ(Qn) ∼= H +
q⋃
r=1
Gr, where H ∼= K7 and for
each r = 1, 2, . . . , q, Gr ∼= K3. So by Lemma 4.1, Γ(Qn) is Hamiltonian if and only if
q ≤ 7.
Case b. 2 < p < q. By Theorem 5.3(iv), Γ(Qn) ∼= H + ΓN (Dn), where H ∼= K7 and
ΓN(Dn) ∼=
p⋃
i=1
q⋃
j=1
Gij, for each i = 1, 2, . . . , p and j = 1, 2, . . . , q Gij ∼= K3 with vertex set
{ui, vj, wij}. Let the vertex set of H be {Ni | i = 1, 2, . . . , k}.
If p = 3, q = 5, then ΓN(D15) is shown in Figure 1. It is easy to see that, w11−v1−w21−
u2−w22−v2− w12−N1−w23− v3−w13−N2− w24−v4−w14− N3−w25−v5− w35−u3−w32−
N4 − w33 −N5− w34 −N6 − w31− N7 − w15 − u1 − w11 is a spanning cycle in Γ(Qn).
If p ≥ 3 and q ≥ 7, we take S = V (Γ(Qn))−A1. Then |S| = τ(2n) + σ(n)− n+ 2 <
n = |A1| = c(Γ(Qn)− S). So by Theorem 2.1, Γ(Qn) is non-Hamiltonian.
6 Quasi-dihedral groups
For any positive integer α > 3, the quasi-dihedral group of order 2α, is defined by
QD2α = 〈a, b | a
2α−1 = b2 = 1, bab−1 = a2
α−2−1〉.
The proper subgroups of QD2α are listed below:
(i) cyclic groups Hr0 = 〈a
2α−1
r 〉, where r is a divisor of 2α−1, r 6= 1;
(ii) the dihedral group H2
α−2
1 = 〈a
2, b〉 ∼= D2α−2 and the dihedral subgroups H
r
i of
H2
α−2
1 , where r is a divisor of 2
α−2, r 6= 2α−2, i = 1, 2, . . . , 2
α−2
r
;
(iii) the quaternion group H2,2α−3 = 〈a
2, ab〉 ∼= Q2α−3 and the quaternion subgroups Hi,r
of H2,2α−3 , where r is a divisor of 2
α−3, r 6= 2α−3, i = 1, 2, . . . , 2
α−3
r
.
The only proper normal subgroups are listed in (i) together with H2
α−2
1 , H2,2α−3 , i = 1, 2
of index 2. Thus
|L(QD2α)| = α + 3.2
α−2 − 1, (6.1)
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and so
|V (Γ(QD2α))| = α + 3(2
α−2 − 1),
|V (ΓN(QD2α))| = 3.2
α−3 − 4.
6.1 Properties of ΓN(QD2α)
First we describe the structure of ΓN (QD2α).
Theorem 6.1. Let α > 3 be an integer. Then
ΓN (QD2α) ∼= (K2 + ΓN(D2α−2)) ∪ (K2 + ΓN(D2α−3)), (6.2)
where ΓN(D2α) is given by (4.16).
Proof. The only non-normal subgroups of QD2α other than 〈a〉 are the dihedral subgroups
of H2
α−2
1 and quaternion subgroups of H2,2α−3 . Here no non-normal subgroup of H
2α−2
1
permutes with any non-normal subgroup of H2,2α−3 . So ΓN(QD2α) is the disjoint union
of G1 ∪ G2, where G1 is the subgraph of ΓN(QD2α) induced by the dihedral subgroups
of H2
α−2
1 ; and G2 is the subgraph of ΓN (QD2α) induced by the quaternion subgroups of
H2,2α−3 . Here H
2α−3
1 , H
2α−3
3 are normal subgroups of H
2α−2
1 , but are not normal in QD2α .
Also H2,2α−4 , H4,2α−4 are normal subgroups of H2,2α−3 , but are not normal in QD2α . In
view of these, it is easy to see that
G1 ∼= K2 + ΓN(H
2α−2
1 )
∼= K2 + ΓN(D2α−2),
and by Theorem 5.1,
G2 ∼= K2 + ΓN(H2,2α−3) ∼= K2 + ΓN (Q2α−3) ∼= K2 + ΓN(D2α−3).
Hence the proof.
Next, we give the degrees of the vertices of ΓN(QD2α).
Theorem 6.2. Let α > 3 be an integer.
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(i) degΓN (QD2α)(H
r
i ) = x
r
i − 2, for every divisor r of 2
α−2, r 6= 2α−2, i = 1, 2, . . . , 2
α−2
r
,
where xri is given by (4.8).
(ii) degΓN (QD2α)(Hi,r) = x
r
i − 2, for every divisor r of 2
α−3, r 6= 2α−3, i = 1, 2, . . . , 2
α−3
r
,
where xri is given by (4.8).
Proof. For every divisor r of 2α−2, r 6= 2α−2, 2α−3, i = 1, 2, . . . , 2
α−2
r
, by Theorems 6.1
and 4.1, we have degΓN (QD2α )(H
r
i ) = degΓN (D2α−2 )(H
r
i ) + 2 = x
r
i − 4 + 2,= x
r
i − 2, where
xri is given in (4.8).
For r = 2α−3, i = 1, 2, we have degΓN (QD2α)(H
r
i ) = x
r
i −|{H
r
i , H
2α−2
1 }| = x
r
i −2, where
xri is given in (4.8).
We can use the similar argument to prove the part (ii) of this result, in view of
Theorem 5.1.
Corollary 6.1. Let α > 3 be an integer. Then
|E(ΓN(QD2α))| = 2
α−3(12α− 49) + 14.
Proof. By Theorem 6.1,
|E(ΓN(QD2α))| = |E(K2 + ΓN(D2α−2))|+ |E(K2 + ΓN(D2α−3))|
= 2|V (ΓN (D2α−2))|+ 1 + |E(ΓN(D2α−2))|
+ 2|V (ΓN(D2α−3))|+ 1 + |E(ΓN(D2α−3))|. (6.3)
Now by applying Corollary 4.1 and (4.2), in (6.3), the result follows.
Corollary 6.2. Let α > 3 be an integer.
(i) α(ΓN(QD2α)) = 3.2
α−4.
(ii) ω(ΓN(QD2α)) = 2(α− 2).
(iii) χ(ΓN (QD2α)) = 2(α− 2).
(iv) ΓN (QD2α) is weakly perfect.
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(v) γ(ΓN(QD2α)) = 2
(vi) ΓN (QD2α) is non-Eulerian.
(vii) ΓN (QD2α) is non-Hamiltonian.
Proof. (i): Using Theorem 6.1,
α(ΓN(QD2α)) = α(K2 + ΓN(D2α−2)) + α(K2 + ΓN (D2α−3))
= α(ΓN(D2α−2)) + α(ΓN(D2α−3)).
So the proof follows by Theorem 4.4(i).
(ii): Using Theorem 6.1,
ω(ΓN(QD2α)) = max{ω(K2 + ΓN(D2α−2)), ω(K2 + ΓN (D2α−3))}
= max{2 + ω(ΓN(D2α−2)), 2 + ω(ΓN(D2α−3))}.
So the proof follows by Theorem 4.4(ii).
(iii): Using Theorem 6.1,
χ(ΓN(QD2α)) = max {χ(K2 + ΓN(D2α−2)), χ(K2 + ΓN(D2α−3))}
= max {2 + χ(ΓN(D2α−2)), 2 + χ(ΓN(D2α−3))}
So the proof follows by Theorem 4.4(iii).
(iv): Follows from (ii) and (iii).
(v): Follows from Theorem 6.1.
(vi)-(vii): Since by Theorem 6.1, ΓN(QD2α) is disconnected, so the proof follows.
6.2 Properties of Γ(QD2α)
In the following result we describe the structure of Γ(QD2α)
Theorem 6.3. Let α > 3 be an integer. Then Γ(QD2α) ∼= Kα+1 + ΓN(QD2α), where
ΓN(QD2α) is given by (6.1)
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Proof. Since the number of proper normal subgroups of QD2α is α+1. So by Theorems 3.1
and 6.1, the proof follows.
Corollary 6.3. Let α > 3 be an integer.
(1) degΓ(QD2α )(H
r
0) = α + 3.2
α−2 − 4, for every divisor r of 2α−1, r 6= 1.
(2) degΓ(QD2α )(H
2α−2
1 ) = α + 3.2
α−2 − 4 = degΓ(QD2α)(H
2α−3
2 ).
(3) degΓ(QD2α )(H
r
i ) = α+x
r
i − 1, for every divisor r of 2
α−2, r 6= 2α−2, i = 1, 2, . . . , 2
α−2
r
,
where xri is given by (4.8).
(4) degΓ(QD2α )(Hi,r) = α+x
r
i −1, for every divisor r of 2
α−3, r 6= 2α−3, i = 1, 2, . . . , 2
α−3
r
,
where xri is given by (4.8).
Proof. Follows by Corollary 3.1, Theorem 6.2 and (6.1) and from the fact that H2
α−2
1 and
H2
α−3
2 are normal in QD2α .
Corollary 6.4. Let α > 3 be an integer. Then
|E(Γ(QD2α))| =
1
2
{
2α−2(18α− 43) + α2 − 7α + 20
}
.
Proof. Follows by Corollaries 6.1, 3.1, (6.1) and from the fact that the number of proper
normal subgroups of QD2α is α + 1.
Corollary 6.5. Let α > 3 be an integer.
(i) α(Γ(QD2α)) = 3.2
α−4.
(ii) ω(Γ(QD2α)) = 3(α− 1).
(iii) χ(Γ(QD2α)) = 3(α− 1).
(iv) Γ(QD2α) is weakly perfect.
(v) Γ(QD2α) is non-Eulerian.
(vi) Γ(QD2α) is Hamiltonian.
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Proof. (i)-(iii): Follows by the part (iii), (iv), and (v) of Corollary 3.1 and by parts (i),
(ii), (iii) of Corollary 6.2.
(iv): Follows by (ii) and (iii).
(v): By Corollary 6.3(ii), if α is odd, then degΓ(QD2α )(H
r
i ) is odd for every divisor r of
2α−2, and by Corollary 6.3(i), if α is even, then deg(Hr0) is odd for every divisor r of 2
α−1.
So the proof follows.
(vi): By Theorems 6.1 and 6.3, Γ(QD2α) = H + G1 ∪ G2, where H ∼= Kα+1, G1 ∼=
K2 + ΓN(D2α−2) and G2 ∼= K2 + ΓN(D2α−3). Now, by Corollary 4.7, G1 and G2 contains
a Hamiltonian path. So by Lemma 4.1, Γ(QD2α) is Hamiltonian.
7 Modular groups
For any integer α > 2 and any prime p, the modular group Mpα of order p
α is defined by
Mpα = 〈a, b| a
pα−1 = bp = 1, bab−1 = ap
α−2−1〉.
If pα = 8, then M8 ∼= D4 and its corresponding permutability graphs are given by
Theorem 4.5(i) and Corollary 4.8(i). If pα 6= 8, then the subgroup lattice of Mpα is
isomorphic to that of Zpα−1 × Zp and it is shown in [6, p. 210, Figure 4]. Also if
pα 6= 8, then the only proper normal subgroups of Mpα are 〈a
pα−2〉, 〈aibj〉 and 〈ak, b〉,
i = 1, 2, . . . , pα−3, j = 0, 1, . . . , p− 1 and k = 1, 2, . . . , pα−2. Hence
|L(Mpα)| =


4, if pα = 8;
(α− 1)(p+ 1) + 2, otherwise.
and so
|V (Γ(Mpα))| =


8, if pα = 8;
(α− 1)(p+ 1), otherwise.
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|V (ΓN (Mpα))| =


4, if pα = 8;
p, otherwise.
It is well known that if pα 6= 8, then any two subgroups ofMpα permutes with each other.
Combining all these facts together, we have the following result.
Theorem 7.1. Let α > 3 be an integer.
(i) ΓN (Mpα) ∼=


2K2, if p
α = 8;
Kp, otherwise.
(ii) Γ(Mpα) ∼=


K4 + 2K2, if p
α = 8;
K(α−1)(p+1), otherwise.
Since ΓN (Mpα) and Γ(Mpα) are complete graphs if p
α 6= 8, so one can easily obtain
the other properties of these graphs.
8 Conclusions
In this paper, we have studied the structure and some properties of permutability graphs
of subgroups and permutability graph of non-normal subgroups of the groups Dn, Qn,
QD2α and Mpα. In particular, we showed that the structure of Γ(Dn), ΓN(Qn), Γ(Qn),
ΓN(QD2α) and Γ(QD2α) depends on the structure of ΓN(Dn). In this sequel, in Theo-
rems 6.1 and 6.3, we explicitly described structure of ΓN(QD2α) and Γ(QD2α) respec-
tively. For the values of n other than that mentioned in Theorem 4.5, the structure of
the graph ΓN (Dn) becomes complicated and so further investigation of the structure of
ΓN(Dn) is essential to study the further properties of these remaining graphs.
Also, in Theorems 4.6, 4.10, 4.11, 5.4, 5.5 and in Corollary 4.3, we have discussed the
Hamiltonicity of ΓN(Dn), Γ(Dn), Γ(Qn) for some values of n. Now we pose the following:
Problem 8.1. Determine the values of n, for which ΓN(Dn), Γ(Dn), Γ(Qn) are Hamil-
tonian.
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